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Digital Flight Control Design for a 
Tandem-Rotor Helicopter*? 

ROBERT F. STENGEL,~ JOHN R. BROUSSARD,§ and PAUL W. BERRY§ 

Modern control theory, used to design control laws for the VALT Research Aircraft, 
a tandem-rotor CH-47B helicopter, produces "Type I "  command augmentation 
control laws which incorporate gain scheduling and reduced-order state estimation. 
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Summary--Methods and results in the continuing develop- 
ment of a digital flight control system (DFCS) for a CH-47B 
helicopter are presented. The helicopter is the research vehicle 
for the NASA VTOL Approach and Landing Technology 
(VALT) Program, and it equipped with comprehensive equip- 
ment for the investigation of navigation, guidance, and con- 
trol requirements for future VTOL aircraft. Two control 
'modes (attitude-command and velocity-command) are im- 
plemented, and each mode provides 'Type 1' response to 
guidance commands. DFCS design is based upon optimal 
estimation and control methods, which are found to provide 
flexible and efficient means for defining practical digital 
control systems. 

1. INTRODUCTION 

ALTHOUGH digital flight control holds great pro- 
mise for improving flying qualities throughout 
the helicopter's operating envelope, that promise 
can be fulfilled only if the tools for control 
system design make full use of the flight 
computer's capabilities. These capabilities-- 
branching, mode switching, gain changing, mul- 
tiplication, addition, etc.--are performed with 
equal programming ease and system reliability, 
so there is little advantage, if any, to be gained 
from forcing the digital system to mimic a con- 
ventional analog controller. In fact, just the op- 
posite may occur, as a 'digitized' analog con- 
troller must operate at high sampling rates to 
minimize destabilizing phase lag, and the result- 
ing computational burden may be excessive. 
Furthermore, if a single computer executes the 
control logic for all helicopter axes, decoupling 
the control computations does not increase over- 
all reliability, and it may compromise normal 
control response under difficult flying conditions. 
Consequently, the synthesis of digital control 
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laws which make maximum use of available 
information to provide coordinated control about 
all axes of motion is not merely interesting 
aeronautical research--it is good engineering 
practice. 

The VTOL Approach and Landing 
Technology (VALT) Program of the National 
Aeronautics and Space Administration is de- 
veloping an avionics technology base for future 
VTOL aircraft, and the digital flight control 
design methodologies presented in this paper 
have evolved within the VALT Program frame- 
work. The VALT Research Aircraft, a CH-47B 
helicopter formerly used in the Army Tactical 
Aircraft Guidance System (TAGS) Program, is 
equipped to test a number of navigation, gui- 
dance, and control concepts, and it is the basis 
for the control system designs discussed ,here. 

2. CONTROL SYSTEM OVERVIEW 

The VALT Digital Flight Control System 
(DFCS) developed in this project contains se- 
parate logic for one velocity-command and two 
attitude-command control laws, and it has the 
general structure shown in Fig. 1. The digital 
filters, or state estimators, are the same for all 
three control laws, as the laws use identical 
feedback information. In all cases, the state vec- 
tor is 

x T = [uvwpqr(90~b] (1) 

where (u,v,w) are body-axis translational rates, 
(p,q,r) are body-axis angular rates, and (q~,O,~) 
are the Euler angles of the helicopter's orien- 
tation in an earth-fixed frame. ()x denotes the 
transpose of the column vector, i.e., a row vector. 
The three control laws also command the same 
control variables: differential collective, gang col- 
lective, gang cyclic, and differential cyclic rotor 
deflections, which form the control vector 

u T = [-6B 6c 6s 6R] (2) 

The differences in the three control laws lie in 
their guidance command inputs and in the struc- 
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tures of the digital controller modules indicated 
in Fig. 1. For the velocity-command control law, 
yaw angle and the desired earth-relative velocity 
components are assumed to be generated by the 
system's guidance law; in this case, the command 
input vector is 

yJ = [ V,.o ~.y.. 0d]. (3) 

Three desired Euler angles and the vertical ve- 
locity provide inputs to the attitude-command 
control law, 

yJ = [400 V j .  (4) 

With  four command inputs and four control 
outputs, zero steady-state error (in response to 
step commands) can be provided for either com- 
mand vector by proper control logic. Specifically, 
the digital controller must cause the closed-loop 
system (Fig. 1) to have the 'Type 1' characteris- 
tics, i.e., to have one pure integration (or sum- 
mation, in the digital case) in series with each 
control actuator so that integral errors in the 
command vector components eventually are nul- 
led[l]. The velocity-command controller uses a 
proportional-integral-filter (PIF) structure to 
achieve this result and to restrict rotor command 
rates through the action of a 'low-pass' filter on 
the control law output. One of the attitude- 
command controllers also uses the PIF structure, 
while the other uses a simpler proportional- 
integral (PI) mechanization with implicit com- 
mand rate limitation. The velocity-command 
(PIF) and attitude-command (PI) control laws 
have been described in an earlier paper[2]. This 
paper provides results pertaining to the two PIF 
controllers, as well as details of the design pro- 
cess and of the remaining elements of the VALT 
DFCS. 

3. DESIGN APPROACH 

A comprehensive procedure for designing heli- 
copter control laws which adapt to changing flight 
conditions has been developed, using linear- 
optimal estimation and control theory as the 
fundamental approach. The resulting VALT 
DFCS corresponds to a 'classical' control law in 
its use of proportional-integral compensation, 

low-pass filtering for noise rejection, command 
prefiltering (or "shaping), and linear feedback and 
cross-feed terms. The system uses conventional 
measurements: air data, vertical gyro, gyrocom- 
pass, rate gyros, and body-mounted accelero- 
meters, as well as an approach-and-landing navi- 
gation aid for terminal area operations. From the 
standpoint, of implementation, the principal dif- 
ference between the VALT DFCS and earlier 
digital control laws is in the increased use of gain 
scheduling and in greater application of crossfeed 
information to minimize the effects of coupling 
due to the rotor and in turning flight. From the 
standpoint of control design procedures, the ap- 
proach presented below is a significant departure 
from conventional helicopter control design, in 
that it provides unified design for all control 
axes, direct design of the discrete-time (digital) 
control law to meet classical continuous-time 
(analog) specifications, and design foi limited 
rotor deflection displacements and rates. 

System de]inition 
The design model of the helicopter for the 

attitude-command (P1F) control laws is the 
linear-time-invariant differential equation 

A.,tt/= 0 /Au,,/ 
A41t)J t, 0 L A ~ U ) J  

t5) 

where AI) indicates a perturbation variable. 
Equation (5) is obtained by local linearization of 
the helicopter's nonlinear' model[2]. The state, 
control, and command perturbations (Ax, Au and 
Ayd) correspond to the previous total-value de- 
finitions, A~ represents 'command integrator sta- 
tes' to be added in the control system, and Av is 
the control rate. The helicopter's kinematics, 
stability derivatives, and inertial effects are con- 
tained in the (9 x9) matrix F, and the control 
derivatives are contained in the (9 x 4} matrix G. 
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as in [3]. In symmetric flight, F and G contain 
rotor-induced coupling but otherwise partition 
into the conventional longitudinal and lateral- 
directional equation sets. In turning flight, F and 
G also contain certain turn-induced coupling 
terms. The (4 x 9) matrix He transforms the per- 
turbation state vector to command-vector coor- 
dinates. For the velocity-command law, the trans- 
formed total command state is 

i H: ,o ,  _ oi v,. (3 3) I~ (3 x3),(3x 3_)1 
Y= V. = 1- 0 I 001 

L ( l x 3 )  I ( l x 3 )  l j 

F u 
W 

P 
q = H,~x (6) 
r 

q~ 
0 

_0 
where H~ is the body-to-earth-relative Euler 
angle transforrfiation. Since It~ varies with the 
Euler angles, the perturbation velocity transfor- 
mation must include this sensitivity to 
(Aq~, A0, At,): 

Ay = l-leAx 

= f H ~  ,0', -H__~i~.~Ls]A x (7) 
I01 001 A 

where ~ is the cross-product equivalent matrix of 
the body-axis velocities, 

0 - - u  

v u 0 

(8) 

and L B transforms Euler angle perturbations to 
body-axis coordinates. It is important to include 
H~nL~ in He, as the angle perturbations have a 
'significant effect on the earth-relative velocity 
perturbations; velocity-command controllers 
which neglect this term will experience difficulties 
when implemented on the actual helicopter. The 
total and perturbation command state transfor- 
mations for the attitude-command control design 
model are formed in similar fashion. 

The design model given by (5) is linear and 
time-invariant, but the dynamics of the helicopter 
change a great deal during the course of a typical 
flight; therefore, it is necessary to specify F, G 
and He at enough flight conditions to character- 
ize the helicopter's flight envelope. A constant- 

coefficient control law is computed at each con- 
dition and the resulting control gains are sche- 
duled, according to flight conditions, for on- 
board implementation. In the current case, the 
helicopter model has been defined at 28 flight 
conditions representing the following range of 
variables: 

Forward airspeed: 
0 to 82 m/s (160 kt) 

Climb rate: 
2.5 to - 5.1 m/s (+ 500 to - 1000 fpm) 

Turn rate: 
0 to 0.1 rad/sec. 

Working points are clustered in the vicinity of 
level flight and the 'spiral descent' approach 
maneuver[4]. Weight, c.g. location, and pressure 
altitude have an important influence on helicop- 
ter dynamics; the control gains are computed for 
constant values of these quantities [15,000kg 
(33,000 lb), vehicle station 330, and sea level/stan- 
dard day], in keeping with the expected test 
conditions for the VALT Program. 

A distinction is made between the design mo- 
del of the helicopter described here and the 'truth 
model' used for control system evaluation. The 
design model portrays the rigid-body dynamics of 
the helicopter; hence, the control laws generated 
with this model use only rigid-body states for 
feedback information. The 'truth model' aug- 
ments the design model with details of the rotors, 
actuators, and sensors. If there is an unacceptable 
disparity between results obtained from the two 
models, the design model must be augmented 
accordingly; that has not proved necessary here. 

Design criteria 
The VALT DFCS has been designed to con- 

ventional step response criteria (rise time, over- 
shoot, and settling time). For the attitude- 
command system, response angle should achieve 
90% of its final value within 1.5 sec and should 
settle to within 5 % of the final value in 5 sec or 
less; overshoot should not exceed 15%. The 
vertical velocity should achieve 90% of its final 
value within 2 sec. Overshoot should be less than 
5% for forward airspeeds of 0 to 5m/s (10kt) 
and less than 20% for airspeeds above 20m/s 
(40kt); allowable overshoot varies linearly in the 
10-to-40-kt range. The same V~ and qJ criteria are 
specified for the velocity-command system. V~ 
and Vy should reach 80% of the final value 
within 5 sec, and allowable overshoot varies from 
4 to 20% as airspeed ranges from 0 to 40kt (it 
remains at 20.% for higher speeds). There are no 
settling time specifications on velocity command 
response. 
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Sampling interval determination 
A major difference between analog and digital 

controllers is that the former system issues com- 
mands to the control actuators continuously, 
while the latter issues commands at discrete 
instants in time. To minimize computational bur- 
den, it is desirable for the control sampling 
interval to be as long as possible: however, 
between control commands, the helicopter is run- 
ning 'open-loop', i.e., errors between the desired 
and actual states of the craft (equation (1))can 
build up. This suggests a criterion for selecting 
the sampling interval: choose the interval so that 
error buildup is limited to acceptable values 
under 'worst case' conditions[5]. In many ways, 
this is equivalent to the classical design objective 
of minimizing 'intersample ripple'. Although not 
considered here, the effects of structural modes 
on error buildup (and, therefore, on sampling 
interval determination) can be addressed directly 
in this process. 

For the VALT DFCS, the 'worst case', from an 
error propagation viewpoint, is hover in heavy 
turbulence, and the error buildup is assumed to 
be described by propagating the covariance of 
the perturbation state error, X[6].* For turbul- 
ence with an rms value of 6m/s (20fps) and a 
correlation time of 1 sec, an error buildup interval 
of 0.16sec was found to be allowable at hover. 
The integral compensation of the PIF control 
law delays feedback information by one sampling 
interval; hence two intervals could occur before 
the controller opposes error buildup, suggesting a 
sampling interval of 0.08sec (or a sampling rate 
of about 12 frames per sec). The VALT computer 
is being programmed for frame rates that are 
multiples of 10. Consequently, a control sampling 
interval of 0.1 sec has been chosen for the VALT 
DFCS. 

State estimator design 
Both control laws require estimates of the 

system state (1) to achieve the desired command 
response. Optimal estimates could be obtained 
using a full-state Kalman filter[6]: however, such 
a filter is overly complex for this application. If 
all states are measured, and if the measurement 
noise is less than the 'process noise', consisting of 
random inputs and system uncertainties, the 
Kalman filter effectively decouples into a bank of 
reduced-order Kalman filters. These conditions 
are satisfied in the VALT Research Aircraft[3]. 
The filters are found to be analogous to low-pass 
and complementary filters, both of which are 

*The state covariance is defined as the expected value of 
the products of states, i.e., X-E(AxAxT): and it is pro- 
pagated using the differential equation, X = F X + X F T W ,  
where W is the disturbance covariance matrix. 

used extensively it1 conventional aircraft systems. 
The partitioned filters are derived by modeling 

the dynamics of each state variable as a random- 
walk process through the following line of re- 
asoning. The helicopter's rigid-body perturbation 
dynamics, described by the top 9 rows of (5). 
along with 3 additional rows for position states 
Ax, AV and Az, are 

A~(t ) = FAx(t) + GAu(t) + LAwlt ) 

= FAxl t )+  Aw'(t) t9) 

where the added term, LAw(t), describes forcing 
by disturbances, e.g., turbulence, and the sum of 
both controlled and uncontrolled forcing effects is 
formed by Aw'(t). The value of Ax(t) at discrete 
sampling instants can be found using the 
helicopter's state transition matrix, O; at the (k 
+ 1 )st instant, 

Axk. ~ =~Axk +Aw'k (10) 

where AWk is the discrete-time equivalent of 
Aw'lt) and 

O = e x p ( F T )  a__ 1 { F T ) 2  _ _  __ ( ,FT}  3 
- + v r +  - + . . . .  

(11) 

with the sampling interval, Z 
If the contribution of the higher order terms of 

the exponential's power series is small (i.e., if tD is 
very nearly the identity matrix, |, for time in- 
tervals of interest), they can be combined in a 
redefined 'process noise' input, AWk' , in (10): 

AXk~ 1 = [i + F 'T]Axk +Aw~. (12) 

The matrix F' contains zeros and ones, with ones 
in the appropriate places to retain any pure 
integrations between states: for example, velo- 
cities integrate to positions and angular rates 
integrate to attitudes. The general conditions for 
which [ I + F ' T ]  approximates • are that the 
products of the sampling interval and the stabi- 
lity derivatives and inertial effects contained in F 
are small compared to 1. In any case, the co- 
variances of the higher order terms are included 
in the covariance of Aw i' during the design of the 
filters, effectively adjusting the bandwidths of the 
resulting simplified filters to provide near-optimal 
state estimation. 

The time correlations in Awl' are neglected in 
filter design, and the state transition dynamics 
are coupled by integrations; hence, the resulting 
'optimal' filter for (12) partitions into 6 un- 
coupled 2nd-order Kalman filters. In order to 
make best use of existing measurements in the 
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VALT DFCS, the state estimator actually is 
arranged as a bank of three l st-order filters for 
angular rate, three lst-order filters for angular 
position, and three filters of varying complexity 
for translational velocity. 

Note that (12) effectively places all the 
helicopter's dynamic characteristics, linear (aside 
from integrations) or nonlinear, in the 'process 
noise'. Consequently, the filters are as applicable 
to total state estimates as they are to per- 
turbation state estimates; they are applied to the 
former in the VALT DFCS. Equation (12) also 
eliminates the need to vary filter gains with flight 
condition. As signal and noise levels are assumed 
fixed, the resulting state estimator gains are con- 
stant, i.e. they are not subject to gain scheduling. 
Gain scheduled filters are discussed in [7]. 

The angular rate filters are driven by rate gyro 
inputs and take a very simple form; for example, 
the roll rate estimate, /~k is 

f)k=Pk-l'~-Kp(Pmk--Pk 1) (13) 

where the subscript m denotes a measured value. 
The Euler angle filters use rate gyro inputs as 

well as vertical and heading gyro inputs. The 
body-referenced rate measurements are transfor- 
med to earth-relative coordinates for incorpo- 
ration in the three separate filters: 

[!i [q = LB~_ i (14) 

The vertical gyro, which provides q~ and 0 
measurements, uses a bubble level for erection to 
the local vertical; when the roll angle exceeds 9 ~, 
the erection mechanism cuts off, and the gyro is 
free to drift at a randomly varying rate. (The free 
gyro drift causes smaller attitude error than the 
centrifugal effects of turning flight on the bubble.) 
The roll and pitch angle filters take the increas- 
ing uncertainty into account through an atte- 
nuation factor 

1 
c (15) 

1 + CoZ 

on the attitude gains, which reflects the decreas- 
ing value of attitude measurements; z is the time 
interval since cutoff, and Co is proportional to the 
standard deviation of the free drift rate. For 
example, the roll angle filter is 

(~k = ~ k - I  -~'- Kq~ ( I - -  cK(o)~k_ 1 -{- CKd~(~Dmk- ~k- I  ) 
(16) 
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and the pitch angle filter is similarly defined. The 
heading gyro is slaved to a flux gate compass and 
is not operated in the free mode for the VALT 
Program, so c in the ~ filter is always 1. 

The translational velocity filters are more com- 
plex, because they combine data from dissimilar 
sensors and estimate auxiliary states as well. 
There are two sets of filters for different flight 
phases: the enroute filters and the terminal area 
filters. The enroute ( E R ) f i l t e r s  operate beyond 
the range of the VALT landing navigation aids 
[ range>18.5km (10nm)] and generally above 
26-m/s (50-kt) airspeed; the filters' inputs are 
body-relative acceleration, true airspeed (TAS), 
barometric altitude, and sideslip angle. The ter- 
minal area ( T A ) f i l t e r s  operate within the range 
of a microwave landing system (MLS) or multila- 
teration navigation aid whose measurements are 
combined with aceelerometer rfieasurements for 
TA filter inputs. Enroute horizontal velocity es- 
timates are air-relative, while the vertical velocity 
estimate is ground-relative; terminal area velocity 
estimates are ground-relative. The horizontal ve- 
locity reference is gradually changed during the 
enroute/terminal area transition. 

The ER horizontal velocity filters estimate u 
and v, as well as the biases of the body-mounted 
accelerometers, b~ and b~,, and they take the 
standard Kalman filtering 2-equation form: pro- 
pagation from one sampling instant to the next 
and updating with the current measurement. 
With the assumption that TAS is measured along 
the helicopter's longitudinal axis, the forward 
velocity filter consists of the propagation 
equation 

[ i-ll [ I  0 
~ . t - ) J , , = L o  expt T/~)J [ 

1 fi( + ) ]  
- Lt~,,t+)j , ,  , 

+[doff ] [l~lm--~u( "Jr- )]k-1 

and updating equation 

(17) 

6 . (  + )Jk --  [ / ; . (  --  )Jk L fi ,~-/~,(- ) )]k 
(18) 

where ~u is the accelerometer bias estimate with 
time constant, Zb, d,f ~-T, providing weighted re- 
ctangular integration of the accelerometer signal, 
K, is the Kalman gain matrix, and ( - )  and (+)  
denote 'before' and 'after' the measurement up- 
date. The lateral velocity filter is virtually identi- 
cal, except for numerical changes and the in- 
corporation of sideslip and lateral acceleration 
measurements. 

The ER vertical velocity filter estimates alti- 
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tude as well as body-axis vertical velocity and 
accelerometer bias, and the small difference be- 
tween earth- and body-relative z axes is neglec- 
ted. The 3rd-order filter consists of the pro- 
pagation 

The derivation of the proportional-integral- 
filter control law is presented in [2] and is not 
repeated here. The design objective is to find thc 
digital feedback control law which minimizes the 
quadratic cost functional 

r a i l 0  0 L<,i-)Jk o 

+[t:] 
and updating equation 

exp(; T/~b)] [~((t )) 1 L<f+d k-1 

[14'm--6w(q-)]k_ 1 (19) 

2(+) ] [-2(-)-] Kw [- z~-~(-) 7 ~(+)/ : / ~ ( - ) /  + 

(20) 

j ' ,  I-axU) ] 
= j o  [Ax~(t)AuX(t)A~T[t)]Q [Au(t)  ] 

l i t )  LA~ttlJ 
+ AvV(t)RAv(t ) dt (2l) 

Q and R are weighting matrices that are used as 
design parameters in creating a control law which 
satisfies the response criteria. This continuous- 
time cost function is expressed as an equivalent 
sampled-data cost function, as in [8]. As shown 
in the reference, Q and R, together with F, G, 
and T, define weighting matrices (0,IVl, f/) in a 
discrete-time cost function which contains cross- 
product weighting of the state and control: 

where z,, is the barometric altimeter 
measurement. 

The TA filters for u, v, and w are similar to 
(19) and (20), in that they combine position and 
acceleration measurements to produce the trans- 
lational velocity estimates. The filters have con- 
stant gains, but the changing relative geometry 
between the helicopter and the navigation aid 
used for reference causes the filters to contain 
position-dependent coupling. 

Controller design 
The VALT digital control laws are developed 

assuming that longitudinal, lateral, and direc- 
tional motions are coupled, in order to assure 
that no potentially significant cross-axis effects 
are overlooked; e.g., the helicopter's normal ten- 
dency to pitch up when turning in one direction 
and to pitch down when turning in the opposite 
direction. If the coupling is not significant, that 
fact will be reflected in the control laws, which 
will partition accordingly. 

The quadratic synthesis techniques of designing 
control systems, used here, is not formulated in 
terms of step response criteria; the design para- 
meters are coefficients which weight the mean- 
square variations in state and control. 
Nevertheless, it is found that these weighting 
coefficients provide flexible and efficient means of 
adjusting close-loop response to meet step re- 
sponse requirements. Furthermore, the control 
laws have gains which are designed explicitly to 
keep control actuator rates and displacements 
within acceptable limits for normal command 
and disturbance inputs. 

" ( -v -r  - [ - A i ]  , : z  ie x l 

+ 2[ai t A~t]~ r~ A~k + Aver m~kt / (22) 

The perturbation variables are redefined with 
respect to their non-zero set points, Ax* and Au*, 
corresponding to Ayd: 

A i = A x - A x * :  A ~ = A u - A u *  (23,24t 

and A~=Av, since the steady-state control differ- 
ence is zero. Equation (22) describes the 'cost' of 
deviating from the non-zero set point. It is more 
convenient to use Q and R rather than 0 ,  191, 
and 1/ as design parameters because they are 
fewer in number and are more directly related to 
physical quantities of interest. The diagonal ele- 
ments of Q and R correspond to the inverses of 
the maximum allowable variances of state and 
control, but 0 ,  1VI, 1/ are symmetric but not 
diagonal; hence, many more weighting factors 
must be specified, and their intuitive relationship 
to allowable variances is obscured. Minimizing 
the cost function provides a PIF control law. 
which is shown in Fig. 2 and can be written as 

Hk=U k 1-~- TVk (25) 

Vk=( I - TC2)Vk -1 - C I  (Xk- I --Xk 2) 

--7(~3(Yk 2--}d k ,)+C4(Ye~--Ydk ,) {26) 

where T is the sampling interval, and the coef- 
ficient matrices, C1 to Ca, are defined in [2]. 
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~k 
, v k 11 k X k 

FIG. 2. Structure of proportional-integral-filter control law. 

Figure 2 shows the incrementalJorm of the PIF 
controller, which accepts total guidance com- 
mand and state inputs and issues total com- 
mands to the helicopter's rotors. The position- 
form controller presented in the earlier reference 
operates on perturbation variables and requires 
explicit specification of nominal values to form 
total commands; the incremental PIF controller 
effectively generates its own nominal values, by 
incorporating past values of u and v in the 
current command, and operates on differences in 
the state and command variables. The differences 
'wash out' the nominal values; hence, the con- 
troller can interface with a nonlinear model of 
the helicopter, or with the helicopter itself, as well 
as with the linear-time-invariant model used for 
design. The only difference is in the use of Hp or 
HT, as appropriate. In either Case, the rectangular 
integration provided by (25) results in Type 1 
command response. 

The attitude-command and velocity-command 
control laws both are described by Fig. 2; the 
difference between the two is in the definition of 
y, H T, and the gain matrices. The Q and R 
matrices used in the design process assign equal 
costs to the squares of the state and control 
perturbations shown in Table 1. Weightings on 
control displacements and rates are determined 
by the physical limitations of the control system. 
Weightings on the state perturbations and on 
linear combinations of state and control which 
define the state rates (Aft, A~, and A~') are 
adjusted until step responses of the closed-loop 
system satisfy the design criteria. Experience 
shows that individual features of the resulting 
step responses can be adjusted (with little impact 
on the other responses) by varying one or two 
weighting parameters. For example, changing 
weights on Au, Aft, and ~1 varies all system gains 
as required to modify forward velocity response, 
but there is virtually no change in vertical or 
side-velocity response, even though the latter are 
coupled to the former. 

For both control laws, once acceptable step 
responses are established at a single flight con- 
dition, in this case the most common flight 
condition, 60kt straight-and-level flight, the va- 

TABLE 1. D E S I G N  PARAMETERS FOR HELICOPTER C O N T R O L  LAWS 

Allowable Attitude Velocity 
perturbation command command 

Au, fps - -  16.0 
At', fps - -  18.0 
Aw, fps 7.0 6.0 
Ap, deg/sec 7.0 10.0 
Aq, deg/sec 15.0 10.0 
Ar, deg/sec 7.5 10.0 
A~, deg 3.3 6.5 
A0, deg 2.8 7.0 
Aqs, deg 3.0 3.5 
A~llq5 or 1/,) 4.4 deg-sec 10.0 ft 
A~2 (0 or 1/,) 3.4 deg-sec 12.0 ft 
A~3 (~ or I/i) 3.8 deg-sec 3.5 ft 
A~4 (V: or ~) 3.2 ft 2.5 deg-sec 
Aft, fps 2 02  
At ~, fps 2 0,2 
Aft, fps 2 0.2 0,3 
Afn, in 6.5 6.5 
A6 o in 4.6 4.6 
Abs, in 3.6 3.5 
AbR, in 4.2 4.2 
A~ (all), in/s 2.0 2.0 

lues of Q and R are frozen, and control gains are 
generated for the remaining 27 flight conditions. 
With this approach, most step response criteria 
have been met at all flight conditions for both 
control laws. 

Gain scheduling 
The control laws are adapted to flight con- 

dition by scheduling their gains as functions of 
TAS, w, and ~. The gain schedules are developed 
in a 3-step process: determination of means and 
standard deviations of all gains, summed over all 
flight conditions, determination of correlation 
coefficients between gains and flight conditions, 
and curve fitting by regression analysis[3]. The 
objective of the first step is to determine which 
gains can be zeroed or held constant; the second 
step indicates which functional relationships are 
most appropriate for gain scheduling; and the 
last step provides the scheduling coefficients. 

The PIF control law for the helicopter, de- 
scribed by (25) and (26), contains 84 gains; 
however, 29 and 25 gains are zeroed in the 
attitude-command and velocity-command con- 
trollers, respectively. The zeroed gains have mean 
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values which are generally less than 5% of si- 
milar gains, and the standard deviations also are 
small. The remaining gains are scheduled in three 
sets, which take the following forms: 

G a i n = a ~ V + a 2 V 2 + a 3 w + a 4 ~ + a 5  (27) 

Gain = al V + a2w + a3q~ I/2 

+acV2/[1 + (V/VN) 2] + a  5 (28) 

Ga in=a~V+a2V 2 +a3q~ 

+ a~/[1 +(V/VN)Z+ah. (29) 

In these scheduling equations, V is true airspeed, 
and VN is 27m/s (53kt). One-sixth of the sche- 
duled gains have standard deviations which are 
less than 10~o of their mean values, and they are 
candidates for being considered constant. 

0.7 o Op t ima l  ga in  / f o  

0,6 / 
Schedu led  gain / 0 . 9 4  

~ D i f f e r e n t i a l  / 

0.4 
c_ 

. O . 3  

_. 
o 0.2( 
o, i f f e ren l . i a  I . 

OA [ ~k co l l ec t i ve  ( x 0.1 ) 
o f ~ V e l o c i t y ,  m 

2o~ 40 60 80 
0 I I~ I 1 I [ I I 

20 4 0 X 6 0  '80 I00 ' ,20  140'  ,60 

Gang 
- 0 . 2  co l l ec t i ve  

o 

FIG. 3. Op t ima l  and scheduled pi tch rate gains. 

The optimal gains computed at 28 flight con- 
ditions generally have correlation coefficients 
with the scheduled gains of 0.8 or better. An 
example of gain variations with forward airspeed 
is given by Fig. 3, which shows the pitch rate 
feedback (C~) gains to differential collective, gang 
collective, and differential cyclic rotor deflections 
for the velocity-command controller. The sche- 
duled gains are represented by (27), (29), and (28) 
respectively, and all their correlation coefficients 
are greater than 0.96. 

Because the scheduling only approximates the 
progression of the optimal gains, evaluation of 
the scheduled controller is a particularly impor- 
tant step in the design process. The next section 
discusses the use of eigenvalues, eigenvectors, and 
step response for this purpose. 

4. S Y S T E M  E V A L U A T I O N  

Eigenvalue-eigenvector analysis 
The stability characteristics of a linear-time- 

invariant system are described by the eigenvalues 
of its fundamental matrix, or the roots of its 

characteristic equation. [he  degree of inw)lve- 
ment of each state variable in each mode of 
motion is identified by the corresponding eigen- 
vectors[9]. The variation in stability can be 
traced by the root locus plot, i.e., a complex-plane 
graph of the locations of the roots as parameters 
of the system vary. For continuous-time systems, 
e.g., helicopters with analog controllers, root lo- 
cations in the %ft-half plane' indicate stability, 
and the magnitude and phase angle of each root 
are direct indicators of the time constant, or 
natural frequency and damping ratio, of the 
corresponding mode of motion. For discrete-time 
systems, e.g., helicopters with digital controllers, 
root locations within the 'unit circle' indicate 
stability, but there is no easy definition of system 
dynamics from the root locations in fact, closely 
spaced roots may represent markedly different 
characteristics. Consequently, it is common prac- 
tice to 'map' the discrete-time roots into an 
equivalent continuous-time representation for 
evaluation of the digital controller[10]. 

The equivalent continuous-time eigenvalues 
and eigenvectors of the VALT Research Aircraft 
with digital control loops closed are computed by 
such a mapping. 'Closing the loop' with the PIF 
controller in position form[2], the sampled ver- 
sion of the helicopter design model (5) is 

Au = - TC1 ( I -  T C 2 )  - C 3 

A¢ ~+l THp 0 

[01 Au + TC4 Aye~ ~ 
A~ ~ - rl_l 

(30) 

where F is the discrete equivalent of the control 
effect matrix, G[3]. Defining a closed-loop state 
vector, 

AXcL = [Ax ~ Au T A¢~] T, 

(30) can be written as 

AXcLk,~ = ~CL AXcck + FcL AY,/k ~ 1 (31 ) 

and the closed-loop dynamics are described by OcL. 
The continuous-time equivalent of q~cl. is 

1 OCL = l [ ( O C r _  i) FCL = T In 

1 2 ) 3  --~(q~cL--1) +I(OcL-- ! ...] (32) 
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and its eigenvalues are the roots of the character- 
istic equation specified by the determinant 

IsI-FcLI =0 (33) 

The eigenvectors are computed as in [9]. 
A comparison of scheduled and optimal-gain 

root loci is shown in Fig. 4; scales are expanded, 
and only the upper plane is depicted. Equation 
(33) produces 17 eigenvalues--9 originate from 
rigid-body motion, 4 from control 'low-pass' fil- 
tering, and 4 from integrator states--and 6 mo- 
des are represented in Fig. 4. The scheduled and 
optimal-gain roots are seen to be in general 
agreement. The largest disagreement comes in the 
spiral/control mode formed by the coalescence of 
the spiral root and the gang collective deflection 
root; however, ~he natural frequencies of the 
scheduled and optimal-gain modes are within 
20 %, and the mode is well damped. 

A brief look at eigenvector magnitudes as- 
sociated with the turning flight condition (TAS 
=60kt ,  ~b=0.05 rad/sec) indicates some of the 
coupling complexities which can occur as shown 
in Fig. 5. As described in [11], asymmetric flight 
leads to the involvement of longitudinal variables 
in the lateral-directional modes of motion, and 
vice versa. The Dutch roll mode, typically a 
rolling-yawing motion, contains more pitch rate 
than roll rate, and the short period mode, a 
vertical attitude oscillation, is felt in Av, Ap, and 
Ar response. This illustrates why coupled control 
laws, with feed-forward compensation, such as 

(a)Shorf p e r i o d  m o d e  (b) Dutch roll m o d e  

o 

3 3 
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o- o- 
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FIG. 4. Velocity-command root loci in turning flight (~=0.05 
rad/sec) as TAS varies from 40 to 80 kt. 
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Dutch roll mode 

(b) 

i 

Au Av Aw/kpAqAr/k 8 A q ~  
Short period mode 

FIG. 5. Magnitudes of closed-loop Dutch roll and short 
period eigenvector components in turning flight (velocity- 

command control law). 

the VALT DFCS, are valuable in meeting precise 
control requirements: even if the modes of mo- 
tion are well-damped, cross-axis effects are signi- 
ficant in asymmetric flight. 

Command response 
It was mentioned previously that both VALT 

DFCS control laws satisfy most step response 
criteria at all flight conditions when the optimal 
gains are used. The effect of using scheduled 
gains instead remains to be presented. Scheduled- 
gain DFCS response is shown below, and some 
effects of state estimation and external distur- 
bances are noted. In all cases, the discrete-time 
linear helicopter design model (30) was used to 
generate these results. It is, of course, desirable to 
evaluate control system response using a more 
detailed helicopter simulation. Such a simulation 
was not available when this paper was written. 

Figure 6 illustrates response of the attitude- 
command law to 0.1-rad step commands in yaw 
angle and pitch angle, together with the sampled 
inputs to the helicopter rotors. The design crite- 
ria are superimposed on the ~ and 0 response; it 
can be seen that the achieved rise time is slightly 
greater than the design goal in both cases and 
that overshoot and settling time are within speci- 
fications. The 'staircased' rotor inputs, which 
would be smoothed by a series of three actuators 
in the VALT Research Aircraft (VALT actuator, 
lower-boost actuator, and upper-boost actuator) 
are well-shaped, and there is a small amount of 
coupled control action to minimize cross-axis 
response. 

Velocity-command response for separate 
3.0 m/s (10fps) lateral and vertical commands are 
shown in Fig. 7 for two flight conditions: 80-kt 
forward flight and hover. The V r command is not 
accompanied by a ~ command for turn coordi- 
nation; hence, the craft is held at a 4 .2  sideslip 
angle by gang cyclic (6s) deflection. The V= com- 
manded descent overshoots slightly and is pro- 
vided by gang collective (6c) command. In climb- 
ing forward flight (500fpm at TAS=60kt) ,  
velocity-command response is within specifi- 
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cations as indicated in Fig. 8; vertical velocity 
response is virtually identical to the response at 
hover, although it is achieved with a different 
control history• As is expected from the eige- 
nvalue study, the scheduled gain responses are 
essentially the same as the optimal gain re- 
sponses. Further comparisons are contained in 
[73. 

Step command response and the control design 

(Q and R) weighting matrices were defined neg- 
lecting estimator effects and with no external 
disturbances. Figure 9 illustrates the effects of 
adding these factors on pitch command response. 
The state estimators are those which were de- 
scribed earlier; the simulated turbulance has an 
rms level of 1.8 m/s (6 fps) and a correlation time 
of 1.3sec. The state estimator decreases loop 
damping, but the resulting response is within the 
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specification. The  moderate- level  turbulence leads 
to increased control  action, and pitch excursions 
a,-c ~mall. 

5. CONCLUSION 

The cont inuing deve lopment  of the V A L T  
Digital Flight Control System is demonstrating 
that optimal control theory provides a unified, 
easily understood basis for practical control sys- 
tem design, once the necessary design tools are 
developed. A principal advantage of the design 
approach is that the necessary control structure 
is visible at an early stage of the design process. 
All reasonable state-control paths are identified, 
allowing the designer to evaluate the relative 
importance of each and providing adjustable de- 
sign parameters which have a direct and predict- 
able effect on system response. 
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uIt }:=u0[t)+ ~u{t j IA-51 

leading to a first-order Taylor series expansion of IA-I ): 

~o It } = f[xo {t ), u,,{t }] {A-6} 

z~{t  ) = F(t )Ax{t ) + G{t )Au(t ) (A-7} 

where 

APPENDIX 1 

Summary oj dynamie equations Jot eontrol system design 
Neglecting disturbance inputs, the nonlinear equations 

which govern vehicle motion can be written as the vector 
differential equation, 

~{t )=f[x[ t  ),u(t )]. (A-l) 

For the rigid-body control problem, the state vector contains 
3 components each of translational rate, angular rate, and 
attitude, 

x i = [uvwpqr(kbO] (A-2) 

where {u,v,w) are body-axis velocities, {p,q, rl are body-axis 
rotational rates, and {0,q~,O) are Euler angles of the body 
axes with respect to an Earth-relative frame. The control 
vector includes differential collective, gang collective, gang 
cyclic, and differential cyclic rotor deflections: 

u i = [ 6 .  ~5 c ¢5s 6 ~ ]  {A-3  J 

The total state and control can be divided into nominal and 
perturbation components, 

x(t J= xo(t ) + z~x(t } {A-4) 

F 
F ( t } =  f[xo(t), Uo(t)] (A-8} 

~ X  

F 
G(t}= : f[xo(t), Uo{t)]. (A-9) 

(;U 

In principle, Xo{t), u0{t), F{t), and G(t) must be found for 
every possible flight profile; however, certain observations and 
assumptions can be involved in designing control logic which 
provides u(t). The nominal control, uo(t), serves as a dynamic 
control trim setting in {A-5). It need not provide exact open- 
loop control dn fact, the closed-loop logic which provides 
Au(t) should adjust to follow the desired path even if u0(t ) is 
incorrect, as variations in trim settings due to weight, center- 
of-gravity location, and aircraft-to-aircraft variations can be 
expected. This suggests that the closed-loop control laws 
should contain integrating action to null steady-state errors. 
(Further discussion of Uo computation can be found in [3]. 
F(t) and G(t) are slowly varying Junctions of time --actually, 
they are explicit functions of  the flight condition rather than 
time; hence, control laws can be formed at specific points in 
the flight envelope and need not be referenced Io specific 
flight profiles. This leads to control laws based on linear-time- 
im?ariant models of aircraft motion which are adapted to 
changing flight condition~ by gain scheduling, i.e., by storing 
control gains as functions of flight variables. 


