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SUMMARY 
Stochastic robustness synthesis is used to find compensators that solve a benchmark problem. The 
synthesis minimizes a robustness cost function that is the weighted quadratic sum of stochastic robustness 
metrics. These metrics - probability of instability, probability of actuator saturation, and probability 
of settling time violation - are estimated using Monte Carlo analysis. A simple search method minimizes 
the robustness cost by selecting values for the design parameters of a linear quadratic Gaussian regulator. 
The resulting compensators are robust, require low actuator authority, and compare well with previous 
designs. 

INTRODUCTION 

Control systems should be designed to maintain satisfactory stability and performance 
characteristics not only at nominal operating points but over a range of parameters that 
encompasses system uncertainty. These systems should be robust, but there is a limit. 
Unbounded robustness is no more attractive than inadequate robustness, because nominal 
performance and insensitivity to parameter variations tend to produce conflicting design 
requirements. Hence, the degree of robustness that must be furnished for satisfactory 
operation is related to the system variations most likely to occur in the given application. 

Measures of robustness should be easily understood and should be directly connected to 
control design objectives. They should be consistent with what is known about the structure 
and parameters of the plant’s dynamic model. These goals are best served when robustness is 
expressed in terms of the likelihood that the performance falls within acceptable bounds and 
when parameter variations are expressed in terms of readily measured system properties. 

A probabilistic definition of robustness based on expected parameter variations is consistent 
with design goals. In References 1 to 4, stochastic robustness metrics are used to assess closed- 
loop systems that have plant parameter uncertainties. Stochastic robustness analysis (SRA) 
measures the probability of unacceptable system response. For all but the most simple systems, 
Monte Carlo evaluation is the only practical method for calculating these probabilities. Monte 
Carlo evaluation involves repeated calculation of stability and performance equations with the 
uncertain parameter values specified by random number generators. Such an evaluation 
provides an estimate of the probabilities and the confidence limits that can be applied to bound 
the accuracy of the estimate. When necessary, the limits can be made vanishingly small by 
using a large number of evaluations. 

Although SRA can be computationally intensive, it is very flexible; it can be extended to 
assess systems that are linear or nonlinear, that have constant or time-varying coefficients, or 
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whose parameter variations are bounded or unbounded. Stochastic robustness metrics may 
also include performance as well as stability criteria. In References 5 and 6, SRA is used to 
assess 10 compensators that were previously presented as solutions to the Benchmark Problem 
of Reference 7. These compensators were designed by different methods, and the SRA acted 
as a common metric to compare the methods, revealing several properties that would not have 
been found using other analysis tools. 

Here the stochastic robustness philosophy is extended to allow control systems to be 
designed by a stochastic robustness synthesis approach. The purpose of stochastic robustness 
synthesis is to find the compensator that has the greatest possible chance of performing well 
in practice. Unlike many other synthesis techniques, the robustness is optimized by explicit 
reference to the performance of the final compensator rather than by using implicit reference 
during the compensator formulation. Stochastic robustness synthesis is accomplished by 
choosing a control structure, varying parameters within that structure to design a series of 
compensators, and then using SRA to direct the search for values of the parameters that give 
the most robust solution. 

DESCRIPTION OF THE BENCHMARK PROBLEM 

The benchmark plant is a dual-masslsingle-spring system with non-collocated sensor and 
actuator as in Figure 1; its state-space model is 

where X I  and x2 are the positions of the masses, x3 and x4 are their velocities, U is a control 
force on m1, and the plant is disturbed by w on m2. This can be abbreviated to: 

X = FX + Gu + LW (2) 

The measurement variable is z = x2 and its observation is corrupted by noise U on y .  

y = z + u  (3) 
The corresponding actuator and disturbance inputloutput transfer functions are 

The plant has eigenvalues at ( 2j,/k(ml + m2)/mlrn2, 0,O) and is undamped. A single-input/ 
single-output (SISO) controller must close its loop around SUy, which has a pole-zero surplus 
of four. The high-gain asymptote of at least one root lies in the right half plane for any SISO 

Figure 1 .  The plant for the benchmark problem 



STOCHASTIC ROBUSTNESS SYNTHESIS 15 

feedback compensator that has less than two surplus zeros. Because the open-loop roots are 
on the imaginary axis, the magnitudes of root departure angles must exceed 90" if marginal 
instability is to be avoided at low loop gain. 

Reference 7 poses three design problems. The designs in this paper address the third 
benchmark problem that requires: 

0 15 s settling time for unit disturbance impulse and nominal mass-spring values 
( r n l = m z = k =  1) 
the minimization of actuator use 
the maximization of stability robustness when m l ,  m2, and k are uncertain, with nominal 
values of one and unspecified variance 

For this design exercise, the plant parameters have uniform probability distributions with the 
following limits of variation: 0.5 < k < 2, 0.5 < r n 1  < 1 - 5 ,  and 0 . 5  < r n 2  < 1 - 5  (Case E-2 in 
Reference 6). 

STOCHASTIC ROBUSTNESS ANALYSIS 

Stochastic robustness analysis characterizes the robustness of a compensator by calculating 
the probability that the closed-loop system could have unsatisfactory performance. The 
probabilities are calculated using the expected variations in the plant parameters to find the 
likelihood that a performance metric (m)  will be violated. An example of a metric would be 
the decision as to whether or not a response fell outside a desired envelope. For a particular 
case the probability depends on the following factors: 

H the plant under consideration 
v: the plant parameters that may vary ( V E  L̂: where Wis the possible plant parameter 

space with dimension equal to the number of uncertain parameters) 
pr(v): the probability density function of the plant parameter vector 
S: the structure of the chosen compensator 
d: the value of the compensator design parameters (d E 93, where 93 is the possible 

parameter space with dimension equal to the number of design parameters) 

With H, v, S, and d fixed, a binary decision can be made as to whether or not the metric is 
violated. The probability of violating the metric can then be calculated from, 

P = m(H,  v, S, d)pr(v) dv s 
Y 

where m = 1 if the metric is violated and m = 0 otherwise. Many different aspects of 
performance can be examined using the SRA metrics. For the benchmark problem three 
aspects of robustness are characterized; 

Pi : 

PTS: 

P" : 

Probability of instability, portraying the likelihood that parameter variations force at 
least one closed-loop root into the right half plane. 
Probability of settling-time exceedance, derived from the propagation of the response 
to a unit-impulse w input. It estimates the likelihood that the actual response of z will 
fall outside a 2O.l-unit envelope after 15 s. 
Probability of control-limit exceedance. This corresponds to the requirement to 
'minimize controller effort'. It is the probability that peak actuator displacement will 
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exceed a limit in response to a unit disturbance impulse (w). The limit was chosen to 
be one unit for this analysis. 

For these probabilities the corresponding metrics are: 

Pi: mi = 1 if max I (a) > 0 1, where a is the vector of closed-loop eigenvalues. mi = 0 
otherwise. 

P T ~ :  mTs = 1 if I z ( t )  I > 0.1 for any t > 15 s, where f is the time after a disturbance impulse 
is applied. mTs = 0 otherwise. 

Pu: mu = 1 if I u ( t )  1 > 1 for any t. mu = 0 otherwise. 

Generally equation (6) cannot be evaluated analytically. The most practical and flexible 
alternative is to use Monte Carlo evaluation (MCE). The probability is estimated by replacing 
the integral of equation (6) with the summation, 

where the v, are selected randomly throughout the plant parameter space to reflect the expected 
parameter distributions. For any given probability and number of samples (N), confidence 
limits can be applied to indicate the accuracy of P. These bounds on P become tighter as N 
is increased. The variation of P can also reduced by using stratified sampling. 

STOCHASTIC ROBUSTNESS SYNTHESIS 

There are several ways to introduce stochastic robustness as a weighting element in a synthesis 
process. The most direct way is to specify a robustness cost function, J, that depends only on 
the robustness metrics, and then find a compensator that minimizes J. A simple example of 
such a cost function would be 

k 

where the Wk are positive scalar weights. The weights indicate the relative importance to the 
designer of each aspect of robustness. By varying the weights, different aspects of performance 
robustness can be traded against each other. The general form of the cost function is 
J =  fn(w, P ) ,  where w is a vector of weights and P is a corresponding vector of robustness 
probabilities. From equation (6) J is a function of several elements: the particular plant, H ,  
the known parameter variations, v, pr(v), the control structure, S, and the design parameters, 
d. With H ,  v, pr(v), and S fixed, J is a function of only d. The robustness is then maximized 
by finding d* where: 

d* : J(d*) = min J(w, P(d)) (9) 
d c  

Once d* has been found, the associated compensator, S(d*), can be subjected to any desired 
performance and robustness tests. 

In the practical search for d*, the estimate, &a), must be used rather than P(d).  The 
discrepancy between P(d)  and P(d)  adds apparent noise to the estimate of the cost function 
and makes search more difficult. Efficient search algorithms to locate d* are currently under 
investigation. For this benchmark problem, a straightforward but computationally expensive 
method is successfully used. 
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STOCHASTIC ROBUSTNESS SYNTHESIS APPLIED TO THE BENCHMARK 
PROBLEM 

Overall procedure 

The framework of stochastic robustness synthesis can be used to optimize the parameters 
for a wide range of control laws, including nonlinear, time-varying compensators. For this 
benchmark problem it would have been possible to define the compensator as a single- 
inputlsingle-output transfer function and then make a wide search of the space of possible 
poles, zeros, and gains. However, finding a reasonable starting point for such a search is 
difficult. In general it is more efficient to start with a structure that will give good nominal 
properties and tune the parameters within that structure. For this benchmark problem, linear 
quadratic Gaussian regulators (LQGRs) are designed. The LQGR structure is chosen because 
there are reasonably direct connections between design parameters and performance; for 
example, increasing actuator weighting can be expected to decrease peak actuator use. 

The design has four stages. From an initial point in the design parameter space, the search 
algorithm is first used to find the values that give a robust linear quadratic regulator (LQR) 
with full-state feedback. A Kalman filter is then added, and a degree of robustness is recovered 
using an equivalent disturbance estimation (EDE) procedure. The EDE procedure represents 
the effects of parameter variations as external disturbances and designs a Kalman filter to reject 
such disturbances (see Appendix A). Using the EDE is not a necessary part of stochastic 
robustness synthesis, but it was found to be helpful in designing robust estimators. After the 
EDE procedure, the search algorithm is used to fine-tune the parameters of the combined LQR 
and estimator together. 

Compensator structure 

The standard LQR formulation is used with the refinements of implicit model following and 
actuator rate weighting. All of the designs use implicit model following (IMF)9 to shape the 
state and control weighting matrices. IMF produces a penalty such that the compensator tries 
fo make the closed-loop plant dynamics mimic the dynamics of a desirable model. The model 
dynamics are given by 

XM = F M X M  (10) 

where F M  is the stability matrix for the desired dynamics. Usually the Lagrangian in the 
quadratic cost function is B = f [xTQx + uTRu] where Q and R are weighting matrices. For 
implicit model following, this Lagrangian is replaced by one that penalizes deviation from the 
model response: 

(1 1) 

(12) 

P = $ (X - XM ) T ~ M  (X - XM) 

= ( F x  + Gu - F M X ) ~ Q M  (Fx + Gu - F M X )  

= $(XTQ1~~X + 2 X T M ~ ~ ~ U  + R I M F U ~ )  (13) 

F M  is the Jacobian of the desired model dynamics, QM is a weighting matrix, and the quadratic 
cost function weighting matrices are: 

(14) Q I M F  = (F - F M  )TQM (F - F M )  
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MIMF = (F - FM ) T Q ~ G  (15) 

RIMF = G ~ Q M G  (16) 

For the benchmark problem, the desired model is similar to the mass-spring-mass 
benchmark plant, but it also has slight damping between the masses and an external spring- 
damper system acting on ml. This model system initially has the nominal unit values for the 
masses and inter-mass spring, an inter-mass damper with a value of 0.5 (units of force/unit 
of velocity), an external spring with a spring constant of 8 (units of forcelunit of length), and 
an external damper of 2 (units of forcelunit of velocity). The model has a nominal settling time 
of 9.6 seconds, but its parameters can later be varied during the design process. 

For the benchmark problem, two different forms of actuator weighting are used. The 
standard design weights the square of the actuator deflection only, producing the controller 

U =  - c x  (17) 

where C is the (1 x 4) LQR control gain matrix. For the other designs, actuator rate weighting 
is added to the quadratic cost function. The state is augmented to include U, and the rate of 
control is commanded by the compensator. The purpose of rate weighting is to lower the 
control bandwidth, thus reducing the probability of violating the actuator limits. The resulting 
nominal fifth-order system for the synthesis of the LQR with actuator rate weighting is 

X’  = F’x’ + G‘li 

where x ’  is the augmented state vector and 

r 0. 
F ’ = [  “ 1 ,  . ’ = I 0  0 

0 1 x 4  0 1 x 1  0 
1 

The LQR control law then takes the form 

where C ’  is a 1 x 5 gain vector. 
Diagonal values of direct state weighting also are included as design parameters in the LQR 

formulation to allow increased design flexibility. The weighting matrices for the designs with 
control rate weighting and implicit model following are: 

RLQR MIMF + RIMF I ,  R ‘ = R  LQR + QIMF 

Q ’ =  [“ M:MF 

where QLQR and RLQR are the direct weighting matrices on the states and actuator and R is 
the control rate weighting. 

The design of the Kalman filter is straightforward. The disturbance weighting matrix, W, 
is the sum of a diagonal matrix and the disturbance matrix from the EDE procedure. The 
measurement noise weighting, N,  is a scalar. The values for the plant parameters used in the 
Riccati equation were initially set at the nominal values, then adjusted as design parameters. 
The resulting estimator equation is 

(24) 

are nominal plant matrices, K is the Kalman filter gain and H is an observation 

i = Pn + GU + K ( Y  - ~ n )  
where P and 
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matrix to select x2 from x. Cascading the estimator with the controller gives the closed-loop 
dynamics: 

A summary of the independent design parameters is given in Table I. Twenty-six design 
parameters were allowed to vary in the search, allowing us to identify which parameters were 
most significant for robust control system design. Search efficiency was not addressed here, but 
it is an important topic for future research. 

Choice of cost function 

The benchmark problem does not give specific requirements as to the balance of stability and 
performance robustness; therefore, there is a wide range of possible choices for the robustness 
cost function, J. It is important to include metrics in J that reflect a trade-off between desired 
properties. For this benchmark problem, the parameter variations are taken to be bounded. 
If J consisted of only Pi and Pu, and the bounds on the assumed parameter variations were 
sufficiently small, there would be a large selection of low-gain compensators that were never 
unstable, never violated the actuator limits, and gave J = 0. However, such compensators 
could have high settling times and might not be acceptable for this application. Here, the cost 
function is a quadratic sum of three probabilities, 

J =  aP? + bP: + cPk 

where a, b,  and c are scalar weights and Pi, Pu, and P T ~  are the probabilities of instability, 
actuator saturation, and settling-time violation. The quadratic form strongly penalizes 
probabilities that are close to one and puts light weighting on probabilities that are close to 
zero. This cost function generally favors design solutions with a balance of small probabilities 
rather than probabilities at the extremes. 

Search method 

There are several features of the probabilistic cost function J that make the optimization 

Table I. Design parameters used to synthesize LQCRs for the benchmark problem 

Linear quadratic regulator 

The diagonal elements of the direct state weighting matrix; QLQR. 
Values of masses springs and dampers for the implicit model; m l l M F ,  m21MF, k m F ,  kmw, ~ I I M F ,  &IMF 

The diagonal elements of the implicit model state weighting matrix; QM 
Direct actuator weighting;. RLQR 
Actuator rate weighting; R 
Nominal plant spring and mass values used in the algebraic Riccati equation to form the LQR; k, ml,  m2 

Kalman filter 

The diagonal elements of the filter disturbance effect matrix; W. 
Nominal plant spring and mass values used in the algebraic Ricatti equation to form the filter; k, ml,  m2. 

The measurement noise effect matrix: N .  
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difficult: 

0 The search space of J may be large. In this example there are 26 design parameters. 
0 The hypersurface of J may contain multiple local minima. 

J is not necessarily differentiable. It is possible to have corners where the probabilities 
become 0 or 1, and there may be plateaus in J where probabilities remain equal to 0 or 1. 

0 The search is made from an estimate of J rather than on J itself; the estimate, 3, is 
generated by Monte Carlo evaluation. 

For this benchmark problem, an adaptation of the univariate search method is used. This 
method requires the designer to choose a starting point in the design parameter space. From 
this point, each parameter is adjusted in turn to find a minimum with respect to the single 
parameter. The design parameter value is fixed at the minimizing value, and the process is 
repeated using the next parameter. The univariate search transforms the multidimensional 
search into a series of line searches. This search method is effective but may not be efficient. 

The line search selects a range around the current value of each design parameter and forms 
5 1 compensators spaced logarithmically across the range. Searching across a range reduces the 
chance of converging to a local minimum and avoids the large number of evaluations that 
would be needed to calculate the gradient accurately. Monte Carlo evaluation assesses each of 
the 5 1  compensators, and J^ is calculated from equation (26). To reduce the computational 
requirements, only 125 Monte Carlo evaluations are carried out at each design point. This 
produces estimates with relatively high variance; with non-stratified random sampling a Pi 
estimate of 0.33 has a standard deviation of 0.016. The standard deviation typically improves 
to 0.011 by dividing the space into 125 cubes and using stratified sampling. 

The Kolmogorov-Smirnov (KS) two-sample test is used to determine whether changing a 
design parameter has a statistically significant effect on j .  * The KS test examines the difference 
between the cumulative distribution of 3 falling above and below the mean. A large difference 
indicates that there is a significant change in .f as the design parameter changes. A small 
difference indicates that the parameter has no significant effect. If there is no trend, the design 
parameter is left at its original value, and the search moves to the next parameter. If the trend 
is significant, the value of the parameter that corresponds to the minimum value of 3 is used 
as the starting point for the next line search. 

The cycle of line searches continues, with the width of the search range being reduced at each 
cycle, until the KS test shows that none of the design parameter adjustments produce a 
significant improvement in the cost. Generally, three to four cycles through the parameters are 
required. Three cycles of 26 parameters, with 51 points for each parameter and 125 evaluations 
at each point requires a total of 497 250 individual tests of the parameter space. For the present 
problem this takes approximately 5 hours on a 15 megaflop workstation or 4.5 minutes on a 
1 gigaflop supercomputer. It is likely that computation time can be reduced substantially by 
using more efficient search algorithms. 

As with other global optimization schemes, this search has probabilistic elements and cannot 
guarantee that the global minimum has been found. l 1  However, once the search has finished, 
the result is a single compensator with a fixed set of gains whose quality can be fully assessed 
using stochastic robustness analysis. 

COMPENSATORS DESIGNED FOR THE BENCHMARK PROBLEM 

Five compensators were formulated using different sets of values for the robustness cost 
weights and the Case E-2 parameter variations. The difference between these compensators 
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Table 11. Weights used in the robustness cost function for each design 

Design 1 Design 2 Design 3 Design 4 Design 5 
~ ~ 

Compensator order 5 5 5 5 4 
a 1 0.01 0.01 1 1 
b 0.01 1 0.01 0.02 0.02 
C 0.01 0.01 1 0.06 0.06 

shows that the synthesis can be adapted to reflect different design concerns. The order and 
weights for each design are given in Table 11. Design 1 stresses stability robustness. Design 2 
stresses excess actuator usage. For Design 3, settling-time robustness is the most important 
quality. Design 4 is intended to give good performance robustness with a level of stability 
robustness similar to the designs in Reference 6. Design 5 has the same objective as Design 4 
but the compensator is reduced to be only fourth order. 

NOMINAL PERFORMANCE OF THE RESULTING COMPENSATORS 

The nominal performance characteristics of the optimized LQGRs are shown in Table 111. 
Ts0.1 is the time for the output to settle within k0.1 units of the final value, Umax is the peak 
actuator use, and ~ 2 m a x  is the peak response of the output. The nominal responses show that 
all of the designs have settling times within 15 s after a disturbance input (Figure 2) and that 
the corresponding nominal peak actuator use is less than one unit (Figure 3). The trends in 
disturbance response correspond to the cost function weights: Design 1 has a high settling time 
and low actuator use, Design 2 has the lowest peak actuator use, and Design 3 has the lowest 
settling time. Design 4 has intermediate values. Design 5 also satisfies the settling time and 
actuator limits, but not as well as Design 4. 

The compensators that show relatively good responses to the disturbance input do not 
necessarily compare well when other inputs are given. The most extreme example of this is 
Design 3, which has a low settling time when a disturbance is applied but a high settling time 

Table 111. Nominal performance of optimized compensators 

Design 1 Design 2 Design 3 Design 4 Design 5 

Disturbance impulse 
TSO. 1 14.4 
Umax 0.59 
X ~ m a x  2.12 

Noise impulse 
T~o. I 13.5 
Umax 4.25 
X2max 0.78 

Command step 
TSO. I 10.5 
Umax 0.09 
X2max 1-00 

12.1 
0-46 
1.59 

12.5 
0-86 
0.69 

8.6 
0.16 
1 a06 

10.1 
0.82 
1-09 

79.3 
1 *75 
1.24 

30.1 
0.59 
1.26 

12-5 
0.54 
1 *43 

13.0 
0.99 
0.79 

8.6 
0.19 
1.01 

14-2 
0.54 
1-07 

14.9 
0.57 
0-86 

9.9 
0.43 
1.17 
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to other inputs. In this case, the search converged to a compensator that had two lightly 
damped poles with zeros in the w-to-xz transfer function that matched those poles. The zeros 
do not match the lightly damped poles in the noise-to-x2 and command-to-x2 transfer 
functions. 

2.5 

2 

Km 1.5 
Lw 
0 

$ 1  8 
s 
E 0.5 

a 

0 

-0.5 

0.5 

I ” ’ I  

-Design1 - 
- -Design2 - 

-Design3 1 
__.__  Design4 - 

_ _  -Design5 
-4 

i 
I .  

0 4 8 12 16 20 
Time (Secs) 

Figure 2. Closed-loop response of x2 to a disturbance impulse 

0 4 8 12 16 20 
Time (secs) 

Figure 3.  Closed-loop response of the actuator to a disturbance impulse 
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COMPENSATOR TRANSFER FUNCTIONS 

The transfer functions for the compensators of all five optimized LQGRs are as follows: 

Design 1 

(27) 
7 9 . 3 ( ~ - 0 . 8 ) ( ~ +  0 .57) (~+0.11)  3 -  '"- [ ~ ~ + 2 ( 0 - 6 0 ) ( 3 - 2 ) + ( 3 * 2 ) ~ ]  [~'+2(0.93)(3.7)+ (3.7)2] [ ~ + 0 . 4 6 1  

Design 2 

(28) 
3 . 1 6 ( ~ -  3 . 5 ) ( ~ +  5 . 6 ) ( ~ + 0 . 1 4 )  3 -  

[ ~ ~ + 2 ( 0 . 5 8 ) ( 3 . 4 ) + ( 3 - 4 ) ~ ]  [ ~ ~ + 2 ( 0 * 6 5 ) ( 2 * 6 ) + ( 2 - 6 ) ~ ]  [ s +  1.1861 

Design 3 

(29) 
8 . 2 ( ~ -  4 . 7 ) ( ~ +  3*9) (~+0 .24)  3 -  

[ ~ ~ + 2 ( 0 * 6 3 ) ( 3 . 7 ) + ( 3 - 7 ) ~ ]  [ ~ ~ + 2 ( 0 * 5 8 ) ( 2 . 7 ) + ( 2 . 7 ) ~ ]  [ s +  1-61 

Design 4 

(30) 
5 . 4 2 ( ~  - 2 . 9 ) ( ~  + 4 . 0 ) ( ~  + 0.15) 3 -  

[ ~ ~ + 2 ( 0 * 6 7 ) ( 4 - 0 ) + ( 4 - 0 ) ~ ]  [ ~ ~ + 2 ( 0 * 5 1 ) ( 2 * 0 ) + ( 2 - 0 ) ~ ]  [ s +  1-36] 

Design 5 

(31) 

Several common features are immediately apparent. Designs 1-4 have two more poles than 
zeros, providing good high-frequency attenuation and noise response. One of the extra poles 
results from commanding actuator rate; the other is due to the Kalman filter. The 
denominators are all similar, having similar levels of damping and frequency. There also are 
similarities in the numerators, except that Design 1 has significantly smaller zeros. Each 
compensator designed using rate control has a non-minimum-phase zero. The fourth-order 
design, Design 5 ,  has a very different layout of roots compared with Design 4 but has similar 
low-frequency gain. 

The LQ regulator gains are shown in Table IV. The most dominant regulator gains are C3 
and CS.  The high gain of C3 indicates the importance of increasing damping by feeding back 
the velocity of the first mass. This is probably due to the regulator emulating the external 
damper of the implicit model. The high gain of Cs shows the importance of limiting the control 
bandwidth in Designs 1 to 4. Design 1 has the highest gains overall and, as shown below, the 
lowest probability of instability. Design 5 ,  which does not have a low-pass filter, operates with 
generally lower gains on the state feedback. 

0.578(~  - 0*27)(s2 + 2(0.21)(2.7) + (2*7)*] 
.!T- 

[s2+2(0.17)(2-l)+ (2.1)2] [~~+2(0*69 ) (1 *09 )+ (1*09 )~ ]  

Table IV. Gains for the optimized linear quadratic Gaussian regulators 

Design 1 Design 2 Design 3 Design 4 Design 4 

c1 - 0.47 0.27 1.54 0.49 0.87 
CZ 1.12 0.54 0.64 0.25 -0.11 
c3 10.34 4.12 6.43 3.68 1 . 3 1  
c 4  - 4.91 0.87 0.88 0.26 0.10 
C5 6-74 4.03 4.13 2.68 - 
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Table V. Estimator gains for the optimized linear quadratic Gaussian regulators 

Design 1 Design 2 Design 3 Design 4 Design 5 

K1 4.48 7.96 4.98 8.95 0.57 
K2 4.55 4.46 5.24 6- 12 0.92 
K3 - 3.02 - 4.60 - 5.06 -4-39 0.09 
K4 10.36 12.97 15-17 18.72 0.67 

The estimator gains appear in Table V. The most noticeable feature is that K3 is negative 
for Designs 1-4. This is a result of the equivalent disturbance estimation procedure. For the 
closed-loop system, the EDE procedure finds that there is a negative correlation between the 
residual of the position measurement (€2 = xz - f 2 )  and the residual of the velocity of r n l  

(€3 = x3 - 9 3 ,  neglecting noise). In the Kalman filter gains, the negative correlation is expressed 
by having a positive value for KZ so that when €2 is positive & is increased and by having a 
negative value for K3 so that when €2 is positive 3 3  is decreased. 

CHOICE OF DESIGN PARAMETER VALUES 

The values chosen by the search show which of the 26 parameters are important in the design 
process. There are several interesting trends in the design parameter choices but for conciseness 
not all of the values are shown here. 

Controller trends 

0 For all the designs, high values of control rate weighting, R, were chosen; this was 
particularly evident for the LQR designed to reduce control saturation (Design 2). For 
Design 1 the search of R converged from an initial value of 100 to a final value of 3224. 
Design 2 converged from the same initial point to a final value of 5076. 

0 The value for the spring constant used in the nominal plant to formulate the LQR was 
an important parameter. For each cost function, the search produced a low value of k, 
(- 0.5). The reason for this is that a plant with low spring constant is more difficult to 
control because it is more difficult to apply force to the second mass. By choosing a low 
value for k, the optimization scheme designs a compensator for the worst case. 

0 The changes to the implicit model parameters are small. Changing them away from the 
final selected value had a significant detrimental effect on the cost function. 

Filter trends 

0 Parameters of the estimator’s plant model were varied significantly in the search. The 
search converges to low values of k (-0.5) and low values of r n l  (-0.7) and m2 (-0.9). 

ROBUSTNESS OF FINAL DESIGNS 

The stochastic robustness values for the five LQGR designs are compared with other designs 
in Figures 4 to 6. Designs A to H were presented as solutions to the benchmark problem at 
the 1990 American Controls Conference. As described in References 5 and 6, these designs 
were formulated by many different methods, and none of them attempted to optimize the 
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stochastic robustness metrics adopted for this analysis. The LQG Designs 1 to 5 presented here 
were designed with explicit reference to the stochastic robustness metrics, and they perform 
well according to the stochastic robustness analysis. The robustness of the compensators are 
compared assuming the uniform parameter distributions of 0.5 < k < 2, 0.5 < ml < 1.5,  and 
0.5 < m2 < 1.5.  

With these distributions, the probability of instability, Pi, for Design 1 is 1 - 3  to 79 times 
lower than that of the other designs. The value of the probability of actuator saturation, P, 
for Design 2 is less than P, for the other 14 designs by a factor of 1 .3  to 5 8 . 8 .  

0.15 

0.05 h i W  o~~ 0 A 

0.1 

B C D E F G H l J l  

Figure 4. Probability of instability for each design 
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Figure 5 .  Probability of settling-time violation for each design 
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Figure 6. Probability of control limit exceedance for each design 

Correspondingly, under the second cost function, 52 ,  Design 2 has the minimum cost. Design 
3 has a high value of Pi because some stability robustness is sacrificed to reduce the probability 
of settling time violation, P T ~ .  However, the resulting values of cost ( J 3 )  and P T ~  are better 
than all but one of the designs of References 5 and 6. Design 4 falls midway in Pi and Pu, 
has a very low P T ~ ,  and has the lowest cost under 54.  The stability robustness of Design 5 
(without the low-pass filter) falls in the middle range of the other designs, but Design 5 has 
much better settling-time robustness than most of the earlier designs. As the compensator 
order reduces, the flexibility in the design reduces, and the design cost may increase. The 
absence of the low-pass filter causes the compensator to be less cautious in its responses and 
makes the stability more vulnerable to parameter variations. 

There are some inconsistencies between the LQGRs that show that global optimization was 
not always achieved. For example, the cost function J1 for Design 2 is lower than 51 for Design 
1, providing a reminder that convergence of the design process is probabilistic. Nevertheless, 
both designs are considerably better than the alternatives. 

Frequency-domain characteristics 

As in Reference 7, there is no consistent correlation between the frequency-domain stability 
margins and the actual stability robustness (Table VI). For example, Design 1 has lower 
stability margins than Design 2, but the stochastic stability robustness of Design 1 is higher. 

Table VI. Comparison of stabifity margins and stochastic robustness 

Design 1 Design 2 Design 3 Design 4 Design 4 

GM cdb) 4.45 5-10  0.59 3.97 3.28 
PM( ) 28.7 31.2 21.5 32-0 23.6 
Pi 0.003 0.017 0.295 0.067 0.110 



STOCHASTIC ROBUSTNESS SYNTHESIS 27 

Table VII. Change in robustness as the synthesis of Design 1 progresses 

Probabilities Value of robustness cost 

Design stage Pi P U  PTs JI 

(i) Initial LQR O*OOO 0.681 0.942 0.013 

(iii) Initial LQCR 0.349 0.350 0-812 0.130 
(iv) LQGR after EDE 0-170 0-171 0-799 0.036 
(v) Robust LQGR 0.003 0-108 0-759 0.006 

(ii) Robust LQR O*OOO 0-029 0.119 0.001 

Reference 13 explains the lack of correlation between the robustness and the gain and phase 
margins (GM and PM). It can be concluded that reliable evaluation of control system 
robustness requires a fuller portrayal of parametric effects than can be captured by these 
classical metrics. 

Change in robustness during the design sequence 

Table VII gives an example of how the robustness and cost change as the design sequence 
progresses from the initial linear quadratic regulator to the optimized linear quadratic 
Gaussian regulator. The robustness results show that at Step (i) the original LQR with full- 
state feedback has a Pi of zero. All the optimization effort for Step (ii) goes into reductions 
and trade-offs between P, and P T ~ .  P, decreases from 0-681 to 0.029, P T ~  changes from 0.942 
to 0.119, and Jdecreases from 0.013 to 0.001. It is known that appending a filter to an LQR 
can significantly reduce robustness.'2 Here a nominal filter is appended in Step (iii), and 
robustness is degraded. In Step (iv) the EDE algorithm modifies the filter to produce a 
compensator with Pi and P, reduced by a factor of approximately two. The final optimization 
of Step (v) greatly reduces Pi, P,, and P T ~ .  Although the robustness of the optimized LQR 
is not fully recovered, the final single-inputlsingle-output LQGR design has a lower robustness 
cost than the initial LQR with full-state feedback. 

STOCHASTIC ROOT LOCUS ANALYSIS OF DESIGN SEQUENCE 

The stochastic root locus shows the probable distribution of closed-loop eigenvalues when 
there are uncertainties in the plant. l4 The stochastic root loci can be used to show differences 
as the optimization progresses and to show differences in the final compensators optimized 
with different cost functions. The stochastic root loci for the initial LQR (Step (i)) and the 
LQR optimized with J I  (Step (ii)) are shown in Figures 7 and 8. The initial LQR has tight 
groups around each root. After optimization, the uncertainty in the roots is greater, but the 
variations have been shifted to the left, giving a lower probability of instability. 

The stochastic root loci for the remainder of the design steps are not shown here owing to 
space limitations. However, the locus for the LQR with the initial filter (Step (iii)) shows that 
the high Pi is due to the introduction of two lightly damped filter roots. These roots are pulled 
away from the j w  axis in Step (iv). In Step (v) the uncertainty in the fastest roots increases, 
but the stochastic root focus shows that the clusters of roots are generally pulled to the left, 
and there is a concentration of roots along the line where the real parts have values of -0.2. 
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The root positions also have much stronger variation in the imaginary direction than in the 
real direction. 

These observations of change during the synthesis steps show three lessons: 

0 Reducing the sensitivity of roots to parameter variations is not necessarily a beneficial 
policy, and improved robustness may rather be gained by allowing variation, but ensuring 
that it is in a region away from the jo axis. 
Large variations in the imaginary parts of the roots have no effect on stability and are 
acceptable if stability robustness is the primary concern. 

0 For stability robustness, there should be little variation in the real parts of roots close to 
the imaginary axis. Variation in the well-damped roots is less important and often may 
be allowed without degrading the robustness. 

Lessons also can be drawn by comparing the stochastic root loci of Designs 1-5. These 
compensators differ because of the different weights in J. Design 2 has high weighting on P,,. 
This is reflected in the fastest roots, which are nominally at -1-97 2 2.79j rather than 

Figure 7. Stochastic root locus of LQRil 

Figure 8. Stochastic root locus of LQRol 
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- 3 - 10 ? 1 16j for Design 1. Also the variation in these fast roots for Design 2 is smaller than 
the variation in the fast roots of Design 1. Design 3 is intended to have a low P T ~ ,  and the 
roots of Design 3 are generally held more to the left than for the other designs. However, the 
stochastic root locus shows that Design 3 has one pair of lightly damped roots that have large 
variations and cause the high Pi .  These roots are not excited by the disturbance input and 
therefore do not have a significant effect on the settling time. The stochastic root locus for 
Design 4 is similar to that of Design 1 but with a lower variation in the high-frequency roots. 
The fourth-order design, Design 5 ,  was optimized with the same cost function as Design 4, and 
the slow roots show a similar distribution to those of Design 4. 

The main lesson from comparing the LQGRs is that the choice of roots that are allowed to 
vary depends on the application. 

If stability robustness is important, variation in the roots near the imaginary axis should 
be minimized. 
If control variation is important, variations in the heavily damped roots should be 
restricted. 

0 For settling-time robustness, the real parts of the low-frequency roots should rarely cross 
a particular value; in this case, the value is approximately -0.17, which is equivalent to 
a ‘time to half amplitude’ of 4 -  1 s. 

CONCLUSIONS 

The compensators designed for this simple benchmark problem demonstrate that stochastic 
robustness synthesis produces effective control systems. The compensators presented are good 
solutions to the benchmark problem, satisfying performance goals with low control usage and 
minimal likelihood of instability. The synthesis process is flexible and allows adaptations to 
suit different design requirements. However, the search demonstrated here is inefficient, and 
improved search algorithms are being studied. 

Several lessons were learned by analysing the final compensators. Stochastic root loci help 
explain the manner in which increased robustness was achieved. In some cases, this was 
associated with greater sensitivity of the roots to parameter variations, but robustness was 
maintained by moving the nominal value away from the jo axis or by ensuring that most of 
the variation was in the imaginary direction. This work establishes that stochastic robustness 
synthesis produces effective practical compensators with a high level of robustness. It also 
illustrates the fact that linear quadratic Gaussian design procedures can lead to robust 
compensators. 
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APPENDIX A: ALGORITHM TO FIND AN EQUIVALENT DISTURBANCE 
ESTIMATE 

Cascading a Kalman filter with a linear quadratic regulator usually results in a compensator with lower 
robustness than the original full-state feedback system. l4 The Kalman filter uses a model of the nominal 
plant in the calculation of the optimal gains and to propagate the state estimate. Normally there are 
differences between the actual plant parameters and the parameters in the filter’s model. The differences 
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affect the closed-loop dynamics and can cause instability. This appendix presents an algorithm that allows 
the estimator to treat the dynamic effects of parameter variations as though they were caused by an 
external disturbance. The result is a fixed-gain filter that improves the rejection of the effects of parameter 
variations and therefore improves closed-loop robustness. 

The discrete state propagation equations are used to guide the choice for the matrix of disturbance 
effect covariance, QKF. The propagation equations are 

(-4.1) 

(A. 2) 
where k is the time index, x is the state, U is the control force, and *, r, and A are the actual state 
transition, control-effect, and disturbance-effect matrices for the plant. The nominal matrices are denoted 
by a tilde, and A denotes the variation from nominal. Normally Q K F  is taken to be E[AwkwkTAT], but 
Ahcpx and A r u  also contribute to uncertain forcing. If A 9 x k  and AFuk are approximated as white noise, 
then the filter can compensate for disturbances and parameter variation effects by using 

Q K F  = E [ ( A h k  + m U k  -k AWk)(A@Xk -k ArXk -b A W k ) ]  (A.3) 
If the filter is designed with a value for the disturbance matrix that accurately represents equation (A.3), 
then the filter formulation produces a gain matrix that minimizes 

(A.4) 

x k +  1 = h k  + r u k  + A W k  

= 6’Xk -k Pt& -k AaXk + A r U k  + A W L  

E[ (x  - %)(x - %)‘I 
in the presence of disturbance and parameter variation effects. The gain also minimizes 

This is the expected square of the difference between the control that would be used by an LQR and the 
LQGR. By making the LQGR action similar to that of the LQR, some of the robustness of the LQR 
should be recovered. 

A value for equation (A.3) can be estimated for any given system by carrying out a numerical 
experiment. The experiment propagates a typical response of the closed-loop system, subject to 
disturbance, noise, and parameter variations. By varying the plant model, the simulation is exposed 
to a range of possible dynamic effects. Once a typical state history has been created, it can be used to 
calculate disturbance effects including the parameter variations: 

q k  = A$Xk + A r U k  + A W k  (A.7) 
If * = $  and r = F  then q k  is simply the disturbance effect Awk. These residuals can be batch- 
processed to give an estimate of equation (A.3) as fol10ws:~ 

The final Kalman filter is then formulated using QKF. 
It would be possible to carry out the numerical experiment for continuous-time systems by using 

numerical integration between data points, but this can be computationally expensive. The discrete-time 
distribution is the integrated effect of the continuous disturbance, and the continuous noise effect is the 
integration of the discrete impulses. The approximations QKBF - Q K F / A t ,  RKBF - RKFA t become 
increasingly accurate as A t  -+ 0.9 QKBF and RKBF are the disturbance-effect matrices used in the 
continuous-time Kalman-Bucy filter formulation, and A t  is the time step for the discrete system. 
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